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Abstract
The concept of h-vector was introduced by H. Izumi in 1980. Recently we
have obtained the Cartan connection for the Finsler space whose metric is given
by Kropina change with an h-vector. In 1985, M. Matsumoto studied the theory
of Finsler hypersurface. In this paper, we derive certain geometrical properties of
a Finslerian hypersurface subjected to a Kropina change with an h-vector.
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1 Introduction
In 1984, C. Shibata [7]1 dealt with a change of Finsler metric which is called a β-
change of metric. A remarkable class of β-change is Kropina change ∗L(x, y) = L
2(x,y)
bi(x) yi
.
If L(x, y) is a metric function of a Riemannian space then ∗L(x, y) reduces to the metric
function of a Kropina space. Such a Finsler metric was introduced by V.K. Kropina [4].
∗Corresponding author. E-mail: mkgiaps@gmail.com
1Numbers in square brackets refer to the references at the end of the paper.
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H. Izumi [3] while studying the conformal transformation of Finsler spaces, intro-
duced the h-vector bi, which is v-covariant constant with respect to the Cartan connec-
tion and satisfies LChij bh = ρ hij , ρ 6= 0. Thus if bi is an h-vector then
(1.1) (i) bi|k = 0 , (ii) LC
h
ij bh = ρ hij .
This gives
(1.2) L ∂˙jbi = ρ hij .
Since ρ 6= 0 and hij 6= 0 for hij = 0 implies n = 1 which is not true, the h-vector bi
depends not only on positional coordinates but also on directional arguments. Izumi [3]
showed that ρ is independent of directional arguments. The present authors [2] obtain
the relation between the Cartan connections of F n = (Mn, L) and ∗F n = (Mn, ∗L)
where ∗L(x, y) is obtained by the transformation
(1.3) ∗L(x, y) =
L2(x, y)
bi(x, y) yi
and bi(x, y) is an h-vector in (M
n, L).
M. Matsumoto [5] presented a systematic theory of Finslerian hypersurface. The
present authors [1] obtained certain results for the Finslerian hypersurface.
In this paper, certain geometrical properties of a Finslerian hypersurface subjected
to a Kropina change with an h-vector, were disscussed.
The terminologies and notations are referred to Matsumoto [6].
2 Preliminaries
LetMn be an n-dimensional smooth manifold and F n = (Mn, L) be an n-dimensional
Finsler space equipped with a metric function L(x, y) onMn. The normalized supporting
element, the metric tensor, the angular metric tensor and Cartan tensor are defined by
li = ∂˙iL , gij =
1
2
∂˙i ∂˙jL
2 , hij = L ∂˙i ∂˙jL and Cijk =
1
2
∂˙k gij respectively. Throughout
this paper, we use the symbols ∂˙i and ∂i for ∂/∂y
i and ∂/∂xi respectively. The Cartan
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connection in F n is given as CΓ = (F ijk, G
i
j , C
i
jk). The h- and v-covariant derivatives of
a covariant vector Xi(x, y) with respect to the Cartan connection are given by
(2.1) Xi|j = ∂jXi − (∂˙hXi)G
h
j − F
r
ijXr ,
and
(2.2) Xi|j = ∂˙jXi − C
r
ijXr .
A hypersurface Mn−1 of the underlying manifold Mn may be represented paramet-
rically by the equations xi = xi(uα), where uα are the Gaussian coordinates on Mn−1
(Latin indices run from 1 to n, while Greek indices take values from 1 to n-1). We assume
that the matrix of projection factors Biα = ∂x
i/∂uα is of rank n-1. If the supporting
element yi at a point u = (uα) of Mn−1 is assumed to be tangent to Mn−1, we may then
write yi = Biα(u) v
α so that v = (vα) is thought of as the supporting element of Mn−1
at the point uα. Since the function L (u, v) = L
(
x(u), y(u, v)
)
gives rise to a Finsler
metric on Mn−1, we get an (n-1)-dimensional Finsler space F n−1 = (Mn−1, L (u, v)).
At each point uα of F n−1, a unit normal vector N i(u, v) is defined by
(2.3) gij B
i
αN
j = 0 , gij N
iN j = 1 .
The inverse projection factors Bαi (u, v) of B
i
α are defined as
(2.4) Bαi = g
αβ gij B
j
β ,
where gαβ is the inverse of the metric tensor gαβ of F
n−1.
From (2.3) and (2.4), it follows that
(2.5) BiαB
β
i = δ
β
α , B
i
αNi = 0 , N
iBαi = 0 , N
iNi = 1 ,
and further
(2.6) BiαB
α
j +N
iNj = δ
i
j .
For the induced Cartan connection ICΓ = (F αβγ , G
α
β , C
α
βγ) on F
n−1, the second funda-
mental h-tensor Hαβ and the normal curvature vector Hα are given by
(2.7) Hαβ = Ni (B
i
αβ + F
i
jk B
j
αB
k
β) +MαHβ ,
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and
(2.8) Hα = Ni (B
i
0α +G
i
j B
j
α) ,
where Mα = CijkB
i
αN
j Nk, Biαβ = ∂
2xi/∂uα ∂uβ and Bi0α = B
i
βα v
β.
The equations (2.7) and (2.8) yield
(2.9) H0α = Hβα v
β = Hα , Hα0 = Hαβ v
β = Hα +MαH0 .
The second fundamental v-tensor Mαβ is defined as:
(2.10) Mαβ = CijkB
i
αB
j
β N
k.
The relative h- and v-covariant derivatives of Biα and N
i are given by
Biα|β = Hαβ N
i , Biα|β = Mαβ N
i ,
N i|β = −Hαβ B
α
j g
ij , N i|β = −Mαβ B
α
j g
ij .
(2.11)
Let Xi(x, y) be a vector field of F
n. The relative h- and v-covariant derivatives of Xi
are given by
(2.12) Xi|β = Xi|j B
j
β +Xi|j N
j Hβ , Xi|β = Xi|j B
j
β .
Matsumoto [5] defined different kinds of hyperplanes and obtained their character-
istic conditions, which are given in the following lemmas:
Lemma 2.1. A hypersurface F n−1 is a hyperplane of the first kind if and only if Hα = 0
or equivalently H0 = 0.
Lemma 2.2. A hypersurface F n−1 is a hyperplane of the second kind if and only if
Hαβ = 0.
Lemma 2.3. A hypersurface F n−1 is a hyperplane of the third kind if and only if Hαβ =
0 = Mαβ.
3 The Finsler space ∗F n = (Mn, ∗L)
If we denote bi y
i by β then indicatory property of hij yield ∂˙iβ = bi. Throughout
this paper, the geometric objects associated with ∗F n will be asterisked. We shall use
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the notation Lij = ∂˙i ∂˙jL , Lijk = ∂˙k Lij , . . . etc. From (1.3), we get
(3.1) ∗Lij = (2τ − ρτ
2)Lij +
2 τ 2
β
mimj ,
∗Lijk =(2τ − ρτ
2)Lijk +
2 τ
β
(ρτ − 1) (miLjk +mjLik +mkLij)
−
2τ 2
Lβ
(mimjlk +mjmkli +mkmilj)−
6τ 2
β2
mimjmk ,
(3.2)
where τ = L/β , mi = bi −
1
τ
li. The normalized supporting element, the metric tensor
of ∗F n are obtained as [2]
(3.3) ∗li = 2 τli − τ
2 bi ,
(3.4) ∗gij = (2τ
2 − ρτ 3) gij + 3τ
4 bibj − 4τ
3(libj + bilj) + (4τ
2 + ρτ 3)lilj ,
Differentiating the angular metric tensor hij with respect to y
k, we get
∂˙hhij = 2Cijk −
1
L
(li hjk + lj hik),
which gives
(3.5) Lijk =
2
L
Cijk −
1
L2
(hijlk + hjkli + hkilj).
Taking (3.5) into account, (3.2) can be rewritten as
(3.6) ∗Cijk = (2τ
2 − ρτ 3)Cijk −
τ 2
2 β
(4− 3ρτ)(hijmk + hjkmi + hkimj)−
6τ 2
β
mimjmk .
The inverse metric tensor of ∗F n is derived as follows [2]:
∗gij = (2τ 2 − ρτ 3)−1
[
gij −
2τ
2b2τ − ρ
bi bj +
4− ρτ
2b2τ − ρ
(li bj + bi lj)
−
3ρb2τ 3 − ρ2τ 2 − 4b2τ 2 − 2ρτ + 8
τ(2b2τ − ρ)
li lj
](3.7)
where b is the magnitude of the vector bi = gijbj .
We obtained the relation between the Cartan connection coefficients F ijk and
∗F ijk as [2]
(3.8) ∗F ijk = F
i
jk +D
i
jk .
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Transvecting by yj and using F ijk y
j = G ik, we get
(3.9) ∗G ik = G
i
k +D
i
0k ,
where the subscript ‘0’ denotes the contraction by the supporting element yj. Further
transvecting (3.9) by yk and using G ik y
k = 2G i, we get
(3.10) 2 ∗G i = 2G i +D i00 .
Differentiating (3.9) partially with respect to yh and using ∂˙hG
i
k = G
i
kh, we have
(3.11) ∗G ikh = G
i
kh + ∂˙hD
i
0k ,
where G ikh are the Berwald connection coefficients. The expressions of D
i
00, D
i
0j and D
i
jk
are given by
(3.12) D i00 = l
i τ (A−E00)−
2τ 2
2− ρτ
Ami +
2Lτ
2− ρτ
( 1
β
β0m
i − F i0
)
,
(3.13) D i0j = l
i
{1
τ
( 2
β
b2−
ρ
L
)−1
Gβj +
1
τ
Gj
}
−
2mi
2− ρτ
( 2
β
b2−
ρ
L
)−1
Gβj +
L
2τ − ρτ 2
G ij ,
(3.14) Djik = l
j
{1
τ
( 2
β
b2−
ρ
L
)−1
Hβik+
1
τ
Hik
}
−
2mj
2− ρτ
( 2
β
b2−
ρ
L
)−1
Hβik+
L
2τ − ρτ 2
H jik ,
where
Gij =
τ 2
β
(miβj −mjβi)− τ
2 Fij −
1
2
(2τ − ρτ 2)LijrD
r
00 −
τ 2
2
ρ0Lij
−
τ
β
D r00
∑
ijr
mi
{
(ρτ − 1)Ljr −
τ
β
mjbr
}
+
τ
β
β0
(
(ρτ − 1)Lij −
3τ
β
mimj
)
,
(3.15)
(3.16) Gj = τ
2(Fj0 −Ej0) ,
Hjik =
(ρτ 2 − 2τ)
2
{
LijrD
r
0k + LjkrD
r
0i − LkirD
r
0j
}
−
τ
β
Dr0k
∑
ijr
mi
{
(ρτ − 1)Ljr −
τ
β
mjbr
}
−
τ
β
Dr0i
∑
jkr
mj
{
(ρτ − 1)Lkr −
τ
β
mkbr
}
+
τ
β
Dr0j
∑
kir
mk
{
(ρτ − 1)Lir −
τ
β
mibr
}
−
τ 2
2
(ρkLij + ρiLjk − ρjLki)
+
τ
β
{
βk
(
(ρτ − 1)Lij −
3τ
β
mimj
)
+ βi
(
(ρτ − 1)Ljk −
3τ
β
mjmk
)
− βj
(
(ρτ − 1)Lki −
3τ
β
mkmi
)}
,
(3.17)
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(3.18) Hik =
τ 2
β
(miβk +mkβi)− τ
2Eik −
1
2
(Gik +Gki) ,
and
A =
( 2
β
β0m
2 − 2Fβ0
)( 2
β
b2 −
ρ
L
)−1
,
F ij =g
irFrj , G
i
j = g
ikGkj , H
j
ik = g
jmHmik ,
2Eij =bi|j + bj|i , 2Fij = bi|j − bj|i , βj = β|j , ρk = ρ|k = ∂kρ.
(3.19)
The symbol
∑
ijk
denote cyclic interchange of indices i, j, k and summation.
Lemma 3.1. [2] If the h-vector bi is gradient then the scalar ρ is constant.
Lemma 3.2. [2] For the Kropina change with h-vector, the difference tensor D ijk van-
ishes if and only if the vector bi is parallel with respect to the Cartan connection of F
n,
and then the Berwald connection coefficients for both the spaces F n and ∗F n are the
same.
4 Hypersurface ∗F n−1 of the space ∗F n
Let us consider a Finslerian hypersurface F n−1 = (Mn−1, L(u, v)) of F n and a Fins-
lerian hypersurface ∗F n−1 = (Mn−1, ∗L(u, v)) of ∗F n. Let N i be the unit normal vector
at a point of F n−1. The functions B iα(u) may be considered as the components of n-1
linearly independent vectors tangent to F n−1 and they are invariant under the Ran-
ders conformal change. Then the unit normal vector ∗N i(u, v) of ∗F n−1 is uniquely
determined by
(4.1) ∗gij B
i
α
∗N j = 0 , ∗gij
∗N i ∗N j = 1 .
The inverse projection factors ∗Bαi are uniquely defined along
∗F n−1 by
(4.2) ∗Bαi =
∗gαβ ∗gij B
j
β ,
where ∗gαβ is the inverse of the metric tensor ∗gαβ of
∗F n−1.
From (4.2), it follows that
(4.3) Biα
∗Bβi = δ
β
α , B
i
α
∗Ni = 0 ,
∗N i ∗Bαi = 0 ,
∗N i ∗Ni = 1 .
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Transvecting (2.3) by vα, we get
(4.4) yj N
j = 0.
Transvecting (3.4) by N iN j and paying attention to (2.3) and (4.4), we have
(4.5) ∗gij N
iN j = (2τ 2 − ρτ 3) + 3τ 4 (biN
i)2,
which shows that N j/
√
(2τ 2 − ρτ 3) + 3τ 4 (biN i)2 is a unit vector. Again transvecting
(3.4) by BiαN
j and using (2.3) and (4.4), we get
(4.6) ∗gij B
i
αN
j = (bj N
j)(3τ 4 biB
i
α − 4τ
3 liB
i
α).
This shows that the vector N j is normal to ∗F n−1 if and only if
(bj N
j)(3τ 4 biB
i
α − 4τ
3 liB
i
α) = 0 .
This implies at least one of the following :
(a) 3τ 4 biB
i
α − 4τ
3 liB
i
α = 0 , (b) bj N
j = 0 .
The transvection of 3τ 4 biB
i
α − 4τ
3 liB
i
α = 0 by v
α gives 3τ 4 bi y
i − 4τ 3 li y
i = 0, i.e.
τ = L/β = 0, which is not possible. Therefore 3τ 4 biB
i
α − 4τ
3 liB
i
α 6= 0. Hence
(4.7) bj N
j = 0 .
This shows that the vector N j is normal to ∗F n−1 if and only if bj is tangent to F
n−1.
From (4.5), (4.6) and (4.7), we can say that N j/
√
(2τ 2 − ρτ 3) is a unit normal vector
of ∗F n−1. Therefore in view of (4.1), we get
(4.8) ∗N i = N i/
√
(2τ 2 − ρτ 3) ,
which, in view of (3.4), (4.4) and (4.7), gives
(4.9) ∗Ni =
∗gij
∗N j =
√
(2τ 2 − ρτ 3)Ni .
Thus, we have:
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Theorem 4.1. Let ∗F n be the Finsler space obtained from F n by a Kropina change
(1.3) with h-vector. If ∗F n−1 and F n−1 are the hypersurfaces of these spaces then the
vector bi is tangential to the hypersurface F
n−1 if and only if every vector normal to
F n−1 is also normal to ∗F n−1.
In view of (4.4) and (4.7), the vector mi appearing in (3.2) satisfies
(4.10) miN
i = 0 .
As hij = gij − lilj , equations (2.3) and (4.4) yield
(4.11) hij B
i
αN
i = 0 .
Transvecting (3.6) by BiαB
j
β N
k and using (4.10) and (4.11), we get
(4.12) ∗CijkB
i
αB
j
β N
k = (2τ 2 − ρτ 3)CijkB
i
αB
j
βN
k .
Using (2.10) and (4.8), equation (4.12) may be written as
(4.13) ∗Mαβ =
√
(2τ 2 − ρτ 3)Mαβ .
From (2.8), (3.13) and (4.9), we get
∗Hα =
√
(2τ 2 − ρτ 3)(Hα +NiD
i
0kB
k
α) .
Transvecting by vα and using vαBkα = y
k, we get
(4.14) ∗H0 =
√
(2τ 2 − ρτ 3)(H0 +NiD
i
00) .
Transvecting (3.12) by Ni and using (4.4) and (4.10), we get
(4.15) Di00Ni = −
2Lτ
2− ρτ
F i0 Ni .
If the vector bi is gradient, i.e. bi|j = bj|i , then
(4.16) Fij = 0,
and then by Lemma 3.1, we have
(4.17) ρi = 0.
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Therefore (4.15) becomes Di00Ni = 0 , and then equation (4.14) reduces to
∗H0 =
√
(2τ 2 − ρτ 3)H0 .
Thus, in view of Lemma 2.1, we have:
Theorem 4.2. Let the h-vector bi(x, y) be a gradient and tangent to the hypersurface
F n−1. Then the hypersurface F n−1 is a hyperplane of the first kind if and only if the
hypersurface ∗F n−1 is a hyperplane of the first kind.
Taking the relative h-covariant differentiation of (4.7) with respect to the Cartan
connection of F n−1, we get
bi|β N
i + biN
i
|β = 0.
Using (2.11) and (2.12), the above equation gives
(b i|j B
j
β + bi|j N
j Hβ)N
i − biHαβ B
α
j g
ij = 0.
Transvecting by vβ and using (2.9), we get
(4.18) bi|0N
i = (Hα +MαH0)B
α
j b
j − bi|j H0N
iN j .
For a hypersurface of the first kind, H0 = 0 = Hα . Then (4.18) reduces to bi|0N
i = 0.
If the vector bi is gradiant, i.e. bi|j = bj|i , then we get
(4.19) Ei0N
i = bi|0N
i = βiN
i = 0.
Therefore (3.16) gives
(4.20) GjN
j = 0 .
Transvecting (3.15) by biN j and using (4.10), (4.16), (4.17) and (4.19), we get
(4.21) Gij b
iN j = Gβj N
j = 0 .
Again transvecting (3.15) by N iBjα and using D
i
00Ni = 0 and biN
i = 0, we obtain
(4.22) Gij N
iBjα = 0 .
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Transvecting (3.13) by NiB
j
α and using (4.4), (4.10) and (4.22), we get
(4.23) D i0j NiB
j
α = 0 .
Transvecting (3.12) by Lijk and using (3.5) and (4.16), we have
(4.24) LijkD
i
00 = (A− β0)
[
−
( τ
L2
+
4 ρτ 2
L2(2− ρτ)
)
hjk +
2τ 2
L2(2− ρτ)
(milk +mkli)
]
.
Transvecting (3.13) by N jBkα hki and using (4.10) and (4.24), we get
(4.25) D i0jN
jBkα hik = 0 .
Again transvecting (3.13) by biN
j and using (4.20) and (4.21), we get
(4.26) D i0j biN
j = 0 .
Transvecting (3.17) by N jBiαB
k
β and using (4.10), (4.23), (4.25) and (4.26), we obtain
(4.27) HjikN
jBiαB
k
β =
(ρτ 2 − 2τ)
2
N jBiαB
k
β
(
LijrD
r
0k + LjkrD
r
0i − LkirD
r
0j
)
.
Let the h-vector bi satisfies the condition
(4.28) br|0C
r
ij = 0 ,
then
(4.29) βr C
r
ij = 0 .
Transvecting Grk by C
r
ij N
jBiαB
k
β and using (4.16), (4.17), (4.24) and (4.29), we get
C rij N
jBiαB
k
β Grk = −C
r
ij N
jBiαB
k
β
[
(A− β0)
( τ
L2
+
4 ρτ 2
L2(2− ρτ)
)
hrk
+
τ
β
(ρτ − 1)D s00msLrk −
τ
β
β0(ρτ − 1)Lrk
]
.
Using (2.10), above equation is simplified as
C rij N
jBiαB
k
β Grk = λMαβ ,
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where we put
λ = −(A− β0)
( τ
L2
+
4 ρτ 2
L2(2− ρτ)
)
+ (A− β0)(ρτ − 1)
2τ 3m2
Lβ (2− ρτ)
+
τ
Lβ
β0(ρτ − 1).
Hence we get
(4.30) LijrN
jBiαB
k
β D
r
0k =
2 λ
2τ − ρτ 2
Mαβ .
By interchanging the indices i and k, we have
(4.31) LjkrN
jBiαB
k
β D
r
0i =
2 λ
2τ − ρτ 2
Mαβ .
Transvecting (3.15) by N j and using (4.10), (4.16), (4.19) and (4.24), we get
GijN
j = µNi ,
where we put
µ =
1
2
(2τ − ρτ 2)(A− β0)
( τ
L2
+
4 ρτ 2
L2(2− ρτ)
)
−
τ
Lβ
msD
s
00 +
τ
Lβ
β0(ρτ − 1).
Using this, we obtain
(4.32) LkirN
jBiαB
k
β D
r
0j =
2µ
2τ − ρτ 2
Mαβ .
Using (4.30), (4.31), (4.32) in (4.27), we get
(4.33) HjikN
jBiαB
k
β = (µ− 2λ)Mαβ .
Since ljNj = 0 and m
jNj = 0, the equation (3.14) gives
(4.34) D jikNjB
i
αB
k
β =
(µ− 2λ)L
2τ − ρτ 2
Mαβ .
From (2.7), (3.8) and (4.9), we have
(4.35) ∗Hαβ −
∗Mα
∗Hβ =
√
2τ 2 − ρτ 3 (Hαβ +D
i
jkNiB
j
αB
k
β)−MαHβ .
Thus from (4.28), (4.34) and (4.35), we have:
Theorem 4.3. For the Kropina change with h-vector, let the h-vector bi be a gradient
and tangential to the hypersurface F n−1 and satisfies the condition (4.28). Then
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1. ∗F n−1 is a hyperplane of the second kind if F n−1 is a hyperplane of the second kind
and Mαβ = 0.
2. ∗F n−1 is a hyperplane of the third kind if F n−1 is a hyperplane of the third kind.
A Finsler space F n is called a Landsberg space if the (v)hv-torsion tensor P rij van-
ishes, i.e.
(4.36) P rij = C
r
ij |k y
k = 0.
Taking h-covariant derivative of (1.3)(ii) and using L|k = 0 = hij|k, (4.17), we get
br|k C
r
ij + br C
r
ij|k = 0.
Contracting by yk and using (4.36), we get
br|0C
r
ij = 0,
which is the condition (4.28). Hence we have:
Theorem 4.4. For the Kropina change with h-vector, let the h-vector bi be a gradient
and tangential to the hypersurface F n−1 of a Landsberg space F n. Then
1. ∗F n−1 is a hyperplane of the second kind if F n−1 is a hyperplane of the second kind
and Mαβ = 0.
2. ∗F n−1 is a hyperplane of the third kind if F n−1 is a hyperplane of the third kind.
For the Kropina change with h-vector, let the vector bi be parallel with respect to
the Cartan connection of F n. In view of Lemma 3.2, we have
(4.37) ∗F ijk = F
i
jk .
Thus from (2.7), (4.9), (4.13) and (4.37), we have:
Theorem 4.5. For the Kropina change with h-vector, let the vector bi be parallel with
respect to the Cartan connection of F n and tangent to the hypersurface F n−1. Then
∗F n−1 is a hyperplane of the second (third) kind if and only if F n−1 is also a hyperplane
of the second (third) kind.
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